We show that a quantum-mechanical N = 2 supersymmetry is hidden in 4d mass spectrum of any gauge invariant theories with extra dimensions. The N = 2 supercharges are explicitly constructed in terms of differential forms. The analysis can be extended to extra dimensions with boundaries, and for a single extra dimension we clarify a possible set of boundary conditions consistent with 5d gauge invariance, although some of the boundary conditions break 4d gauge symmetries. 
Introduction
Much attention has been paid recently to gauge theories with extra dimensions to explore new possibilities for gauge symmetry breaking and solving the hierarchy problem without introducing additional Higgs fields [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] . For instance, in the gauge-Higgs unification scenario, extra components of gauge fields play a role of Higgs fields [2, 3] . Attractive models of grand unified theories have been constructed on orbifolds, in which gauge symmetry breaking is caused by orbifolding [4] . With extra dimensions with boundaries, Higgsless gauge symmetry breaking can be realized via boundary conditions [5, 6, 7, 9] . The interesting scenario of dimensional deconstruction [8] can be regarded as a gauge theory with latticized extra dimension.
In those models, the notorious quadratic divergence problem of scalar fields is absent. In a higher dimensional point of view, this is easily understood because any divergences of mass corrections to gauge fields are protected by a higher dimensional gauge invariance. In a 4-dimensional point of view, however, the cancellation of the divergences does not seem to be manifest because a remnant of higher dimensional gauge invariance is not apparent in 4d effective theories and the cancellation can occur only after all massive Kaluza-Klein modes are taken into account. (If we truncate massive KK modes at some energy, the cancellation becomes incomplete.) Furthermore, the cancellation still occurs even when 4d gauge symmetries are broken via orbifolding, the Hosotani mechanism or boundary conditions. Thus, in constructing phenomenological models, it will be important to understand higher-dimensional gauge invariance from a 4d effective theory point of view.
Another appealing and well-known scenario to solve the problem of the quadratic divergence is to invoke supersymmetry. Then, it may be natural to ask a question whether these two kinds of theories, gauge theories with extra dimensions and supersymmetric theories, ever have some relation. The immediate answer is negative, since supersymmetry necessarily needs fermionic degree of freedom, while the cancellation mechanism of the quadratic divergence in the higher dimensional gauge theory does not necessitate it. We will, however, see that actually these two are related: (quantum-mechanical) supersymmetry is hidden in the higher dimensional gauge theories. The main purpose of this paper is to show it. We note that quantum-mechanical supersymmetry, being 0 + 1 dimensional field theory, can be described without using any spinors.
There exist some evidences for the existence of some kind of supersymmetry in 4d mass spectrum already at the truncated low-energy theory, as the remnant of higher dimensional gauge symmetry: If a 4d gauge symmetry is not broken, a massless 4d gauge field appears because 4d gauge invariance guarantees the gauge field to be massless. This may be explained from a supersymmetry point of view because supersymmetry ensures that the ground state has zero energy and the zero energy state is interpreted as the massless gauge field. The second evidence is that in a 5d gauge theory with a single extra dimension, every massive mode of A 5,n (a massive KK mode of the gauge field in the direction of the extra dimension) can be absorbed into the longitudinal mode of A µ,n (a massive KK mode of the 4d gauge field) by gauge transformations. This fact implies that there should exist a one-to-one correspondence between A 5,n and A µ,n . The correspondence may be interpreted as supersymmetry between a "bosonic" state and a "fermionic" one, although both modes are bosonic. The last evidence is that a massless mode A 5,0 (if exists) cannot be gauged-away and it appears as a physical state, in contrast to the massive modes A 5,n , which can be gauged-away and hence are unphysical modes. This observation is again consistent with supersymmetry because zero energy states do not form any supermultiplets between bosonic and fermionic states.
In this paper, we show that a quantum-mechanical N = 2 supersymmetry exists in any gauge invariant theories with extra dimensions. To this end, we construct an N = 2 superalgebra in terms of differential forms in Section 2. In Section 3, we show that the N = 2 supersymmetric structure appears in 4d mass spectrum of gauge theories with extra dimensions. In Section 4, extra dimensions with boundaries are discussed. For a 4+1-dimensional gauge invariant theory on an interval, a consistent set of boundary conditions with 5d gauge invariance is successfully obtained from a supersymmetric point of view. The Section 5 is devoted to summary and discussions. A simple proof of the Hodge decomposition theorem is given in an Appendix.
N = supersymmetry algebra and differential forms
In this section, we construct an N = 2 supersymmetry algebra in terms of differential forms. We will see later that the N = 2 supersymmetry is realized in 4d mass spectrum of any gauge invariant theories with extra dimensions.
Let K be a D-dimensional compact Riemannian manifold with a metric
where y i (i = 1, 2, · · · , D) are coordinates on K and ∧ denotes the wedge product. The
where g = detg ij and ǫ i 1 i 2 ···i D is a totally antisymmetric tensor with ǫ 12···D = 1. Repeated applications of * on any k form give * * ω
3)
The inner product of any two k forms ω (k) and η (k) is defined by
Here, we have introduced a weight function ∆(y) for later convenience with a property
The adjoint of the exterior derivative d is defined, with respect to the inner product (2.4), by (
For compact manifold without a boundary 1 , the action of
For k = 0 and 1, d † ω (k) are explicitly written as
where
forms and there is no −1 form. We notice that the nilpotency of
We can now construct an N = 2 supersymmetry algebra. To this end, we introduce a 2-component vector 14) where the upper (lower) component consists of a k (k + 1) form. The inner product of two 2-component vectors |Ω
and |Ω
is defined by
1 An extension with boundaries will be discussed in Section 4.
Then, the N = 2 supercharges Q a (a = 1, 2) are given by
We note that the action of Q a on |Ω (k) is well defined. It is easy to show that they form the following N = 2 supersymmetry algebra:
where the Hamiltonian H and the operator (−1) F with F being the "fermion" number operator are defined by
We may call states with (−1) F = +1 (−1) "bosonic" ("fermionic") ones. All the operators Q a , H and (−1)
F are hermitian with respect to the inner product (2.15).
To examine the structure of the N = 2 supersymmetry algebra, let us consider the following Schrödinger-type equations:
Since (−1) F commutes with H, we can have simultaneous eigenfunctions of H and (−1)
2 Here, the inner product (2.4) should be extended for complex forms as
and the relation (2.6) is then replaced by (
Actually, the states |m
n , ∓ are mutually related, with an appropriate phase convention, as 
Therefore, there is a one-to-one correspondence between the eigenstates of d † d and dd † for k and k + 1 forms, respectively, and the eigenvalues are, in general, doubly degenerate except for m (k) n = 0. In Appendix, we have shown that any k form A (k) can be expanded as
where {η
are eigenfunctions of the equations
The summations in eq. (2.34) should be taken over the eigenfunctions with nonzero eigenvalues. Thus, we have found the following structure among a sequence of differential forms:
. . .
Supersymmetry in gauge theories with extra dimensions
In this section, with the help of the previous analysis, we show that an N = 2 supersymmetry is hidden in 4d mass spectrum of any gauge invariant theories with compact extra dimensions without a boundary. To this end, we consider a (4+D)-dimensional abelian gauge theory with a weight function. The (4+D)-dimensional metric is assumed to be of the form
The (4+D)-dimensional coordinates are denoted by k|y| with g 55 (y) = e 4W (y) , the metric reduces to the warped metric discussed by Randall and Sundrum [11] . The action we consider is
where ∆(y) is a weight function depending on y i and
For our purpose, it is convenient to rewrite L K into the form
Thus, the system becomes identical to that of the gauge theory with the metric
and the weight function ∆(y).
In a viewpoint of the extra D-dimensions, the 4-dimensional gauge fields A µ (x, y) are regarded as 0 forms, while the extra D-dimensional components A i (x, y) are regarded as a 1 form, so that we may write
Here, the exterior derivative d is defined by d = dy i ∂ i with respect to the coordinates on the extra dimensions. As was done in the previous section, we introduce the inner product for k forms as
It turns out that L K can be written into the form
As proved in Appendix, 0 forms A µ (x, y) can be expanded as
and ω
Since A (1) (x, y) = A i (x, y)dy i is a 1 form, it can be expanded as
where b 1 is the 1st Betti number and
We should notice that the modes ω (0) n 0 in A µ (x, y) and φ (1) n 0 in A (1) (x, y) form a supermultiplet, as shown in the previous section. Inserting the mode expansions (3.14) and (3.19) into the Lagrangian L K and using the orthogonal relations of the eigenfunctions, we have
where n 0 . h n 0 are would-be Nambu-Goldstone bosons and can be absorbed into the longitudinal modes of A µ,n 0 . ϕ p (p = 1, 2, · · · , b 1 ) are massless scalars and cannot be gauged-away. They could play a role of Higgs fields for non-abelian gauge theories [2] . Φ n 1 are massive scalars with mass m (1) n 1 . The origin of the scalar fields ϕ p and Φ n 1 are the extra dimensional components of the gauge fields.
Extra dimensions with boundaries
In this section, we extend the previous analysis to extra dimensions with boundaries. In this case, we have to impose boundary conditions at the boundaries. The criteria of obtaining a possible set of boundary conditions are, however, less obvious. For instance, the Dirichlet boundary conditions are used in Higgsless gauge symmetry breaking scenario [5, 6, 7] , but the boundary conditions break 4d gauge symmetries explicitly. Thus, it is not clear whether such boundary conditions lead to consistent gauge theories. Recently, a criterion to select a possible set of boundary conditions has been proposed in ref. [6] . The authors require the boundary conditions to obey the least action principle. Since the requirement does not, however, rely on gauge invariance directly, it is still unclear that such boundary conditions lead to consistent gauge theories. Since gauge symmetry breaking can occur via boundary conditions, it is important to clarify a class of boundary conditions compatible with higher-dimensional gauge invariance.
In the following, we discuss how to obtain a possible set of boundary conditions compatible with gauge invariance from a supersymmetry point of view. To this end, let us consider a 4+1-dimensional abelian gauge theory on an interval
with a non-factorizable metric
The metric reduces to the warped metric discussed by Randall and Sundrum [11] when g 55 (y) = 1 and W (y) = 1 2 k|y|. Another choice of g 55 (y) = e −4W (y) leads to the model discussed in ref. [5] , in which a hierarchical mass spectrum has been observed. In order to expand the 5d gauge fields A µ (x, y) and A 5 (x, y) into mass eigenstates, we follow the discussions in Section 3 and consider the supersymmetric Hamiltonian,
which act on two-component vectors
The inner product of two states |Ψ 1 and |Ψ 2 is defined by
To obtain consistent boundary conditions for the functions f (y) and g(y) in |Ψ , we first require that the supercharge Q is hermitian with respect to the inner product (4.6), i.e.
It turns out that the functions f (y) and g(y) have to obey one of the following four types of boundary conditions 5 :
We further require that the state Q|Ψ obeys the same boundary conditions as |Ψ , otherwise Q is not a well defined operator and "bosonic" and "fermionic" states would not form supermultiplets. The requirement leads to
14) 
) to be connected with f (0) (g(0)), we have a one parameter family of the boundary conditions [12] :
Type (D, D) :
It follows that the above boundary conditions ensure the hermiticity of the Hamiltonian, i.e.
Therefore, we have succeeded to obtain the consistent set of boundary conditions that ensure the hermiticity of the supercharges and the Hamiltonian and also that the action of the supercharge on |Ψ is well defined. Since the supersymmetry is a direct consequence of higher-dimensional gauge invariance, our requirements on boundary conditions should be, at least, necessary conditions to preserve it. It turns out that the boundary conditions obtained above are consistent with those in ref. [6] , although it is less obvious how the requirement of the least action principle proposed in ref. [6] is connected to gauge invariance. We should emphasize that the supercharge Q is well defined for all the boundary conditions (4.16)-(4.19) and hence that the supersymmetric structure always appears in the spectrum, even though the boundary conditions other than the type (N,N) break 4d gauge symmetries, as we will see below.
From the above analysis, the 5d gauge fields A µ (x, y) and A 5 (x, y) are expanded in the mass eigenstates as follows:
where f n (y) and g n (y) are the eigenstates of the Schrödinger-like equations where c and c ′ are some constants. We should emphasize that the above solutions do not necessarily imply physical massless states of A µ,0 (x) and h 0 (x) in the spectrum. This is because the boundary conditions exclude some or all of them from the physical spectrum. Indeed, f 0 (y) ((g 0 (y))) satisfies only the boundary conditions of the type (N,N) (type (D,D) ). Thus, a massless vector A µ,0 (x) (a massless scalar h 0 (x)) appears only for the type (N,N) (type (D,D) ) boundary conditions. This implies that the 4d gauge symmetry is broken except for the type (N,N) boundary conditions. Let us next discuss geometrical meanings of the boundary conditions. To this end, it is convenient to rewrite the equations (4.23) and (4.24) into a familiar form of the N = 2 supersymmetric quantum mechanics. Reparametrizing the coordinate y such that 
Here, the prime denotes the derivative with respect toỹ. The Hamiltonian and the supercharge can be written, in this basis, as
, (4.36)
It is interesting to note that this happens for gauge symmetry breaking via Z 2 -orbifolding [4] . Thus, we have found that the 5d gauge invariance is preserved under the infinitesimal gauge transformations (4.42) with the conditions (4.43), even though the 4d gauge symmetry G is broken to H in the 4d effective theory.
Summary and Discussions
We have discovered the quantum-mechanical N = 2 supersymmetry on any compact Riemannian manifolds without a boundary, and explicitly constructed the N = 2 supercharges in the language of differential forms. The technology has been applied to gauge invariant theories with extra dimensions, and the supersymmetric structure has been observed between 4d and extra-space components of gauge fields. The supersymmetry manifests itself in their 4d mass spectrum and massless 4d modes are found to be the solutions to the first order differential equation
It is then clear that the massless modes possess distinct analytic properties from other massive modes, which obey the 2nd order differential equations. We have also discussed boundary conditions in gauge theories on extra dimensions with boundaries. In a gauge symmetry point of view, it is less obvious to obtain a possible set of boundary conditions consistent with gauge invariance because some of the boundary conditions explicitly break 4d gauge symmetries. On the other hand, in a supersymmetry point of view, the requirement of 5d gauge invariance is replaced by the conditions that the supercharges are hermitian and also that the action of the supercharges are well defined on a functional space with definite boundary conditions. In this framework, 4d gauge symmetry breaking via boundary conditions 7 may be interpreted as "spontaneous" supersymmetry breaking with no zero energy state 8 . We should emphasize that the supercharges are well defined in quantum mechanics even if there is no zero energy state, and hence that the degeneracy between "bosonic" and "fermionic" states still holds. In this sense, the boundary conditions we obtained are consistent with 5d gauge invariance, even if some of 4d gauge symmetries are broken via boundary conditions.
Since the origin of the supersymmetry is the gauge invariance in higher dimensions, we expect that any higher dimensional theories with gauge-like symmetries possess supersymmetry. Such an example is a gauge theory with an antisymmetric field, which often appear in string theory. Since the action of the antisymmetric gauge field can be written in terms of differential forms, it will be straightforward to show the N = 2 supersymmetric structure of the theory. It turns out that the N = 2 supersymmetry is actually enhanced in particular dimensions and that the N = 2 supersymmetry algebra given in Section 2 can be extended to an N = 4 supersymmetry algebra by adding a duality operator. The results will be reported elsewhere [15] .
